Abstract. In this paper, we study Gorenstein injective, projective, and flat modules over a local Cohen-Macaulay ring (R, m). We correspond to a dualizing mod- 
Introduction
Throughout this paper, R will denote a commutative ring with nonzero identity. Auslander and Bridger [3] introduced the G-dimension, G − dim R M, for every finitely generated R-module M (see also [2] ). They proved the inequality G − dim R M ≤ pd R M, with equality G − dim R M = pd R M when pd R M is finite. The G-dimension has strong parallels to the projective dimension. For instance, over a local Noetherian ring (R, m), the following are equivalent:
(i) R is Gorenstein.
(ii) G − dim R R/m < ∞.
(iii) All finitely generated R-modules have finite G-dimension. This characterization of Gorenstein rings is parallel to Auslander-Buchsbaum-Serre characterization of regular rings. G-dimension also differs from projective dimension in that it is defined only for finitely generated modules. Enochs and Jenda defined in [6] Gorenstein projective modules (i.e. modules of G-dimension 0) whether the modules are finitely generated or not. Also, they defined a homological dimension, namely the Gorenstein projective dimension, Gpd R (−), for arbitrary (non-finitely generated) modules. It is known that for finitely generated modules, the Gorenstein projective dimension agrees with the G-dimension. Along the same lines, Gorenstein flat and Gorenstein injective modules were introduced in [6, 8] .
Let R be a Cohen-Macaulay local ring admitting a dualizing module D. Foxby [11] defined the class G 0 (R) to be those R-modules M such that Tor [9] Enochs, Jenda and Xu characterize Gorenstein injective, projective and flat dimensions in terms of G 0 (R) and I 0 (R). The main aim of this paper is to extend these characterizations for Gorenstein injective, projective and flat dimensions to arbitrary local Cohen-Macaulay rings.
Let (R, m) be a local Cohen-Macaulay ring probably without dualizing modules, and let D denote the dualizing module ofR. We define Φ D to be those Rmodules M such thatR ⊗ R M ∈ G 0 (R) and Ψ D to be those R-modules N such that Hom R (R, N) ∈ I 0 (R). In sections 2, 3, and 4, we characterize Gorenstein injective, projective, and flat modules in terms of the classes Φ D and Ψ D . To be more precise, we show the following results. Even more generally, by using the classes Φ D and Ψ D , we characterize modules of finite Gorenstein injective, projective and flat dimensions. Namely, we prove the following two results. 
Setup and notation If M is any R-module, we use pd R M, fd R M and injdim R M to denote the usual projective, flat and injective dimension of M, respectively. Furthermore, we write Gpd R M, Gfd R M and Gid R M for the Gorenstein projective, Gorenstein flat and Gorenstein injective dimension of M, respectively. Let X be any class of R-modules and let M be an R-module. An X -precover of M is an R-homomorphism ϕ : X −→ M, where X ∈ X and such that the sequence,
Also, an X -preenvelope and X -envelope of M are defined "dually". By P (R), F (R) and I(R) we denote the classes of all projective, flat and injective R-modules, respectively. Furthermore, we let P (R), F (R) and I(R) denote the classes of all R-modules with finite projective, flat and injective dimension, respectively. If R is a local Cohen-Macaulay ring, we use D to denote the dualizing module ofR. To unify notation, we use ΦR D and ΨR D instead of G 0 (R) and I 0 (R), respectively. We may use the following facts without comment. If R is Noetherian of finite Krull dimension, then P (R) = F (R) (see [15, Theorem 4.2.8 ] ). Also, if R is Noetherian then for any M ∈ P (R), we have pd R (M) ≤ dim R (see [14, page 84]).
Gorensein flat dimension
If R is a local Cohen-Macaulay ring, then we use ΦR D to denote the class of all R-modules N satisfying the following conditions, Proof. (i) There are an injectiveR-module E andR-monomorphism
Consider the induced exact sequence
So, because M ∈ Φ D , we have the exact sequence 0 −→R ⊗ R M −→ HomR(D, E). Therefore, we obtain an exact sequence of R-modules and R-homomorphisms 0 −→ M −→ HomR(D, E). Since HomR(D, E) is anR-module with fdR(HomR(D, E)) < ∞, we have fd R (HomR(D, E)) < ∞. Note that every flatR-module is also flat as an R-module.
(ii) Using [5, Proposition 5.1], there exists a flat preenvelope f : M −→ F . We show that f is monic. To this end, let 0 
Therefore there exists an R-homomorphism h :
It is easy to see that K ∈ P (R). On the other hand, by hypothesis, Ext
′ has a lifting M −→ P which is monic and still an [12, Theorem 3.6] , implies the last assertion in (ii).
(ii) ⇒ (i) By [12, Theorem 3.6] , it is enough to show that C admits a right flat resolution
such that Hom R (X, Y ) is exact for all flat R-modules Y (i.e. C admits a co-proper right flat resolution). Lemma 2.3 (i) implies that there exists an exact sequence 0 −→ C −→ L of R-modules and R-homomorphisms such that fd R L < ∞. By using Lemma 2.3 (ii), there exists a monomorphism C f −→ K which is a flat preenvelope.
We obtain the short exact sequence 0 −→ C f −→ K −→ B −→ 0 and so for every flat R-module F ′ we have the short exact sequence
Let E be an injective R-module. Since Hom R (E, E R (R/m)) is a flat R-module, we conclude that
is an exact sequence. So, Tor R i (E, B) = 0 for all i > 0 and any injective R-module E. Also, by Lemma 2.1 and Proposition 2.2, we obtain B ∈ Φ D . Then proceeding in this manner, we get the desired co-proper right flat resolution of C. 
Proof. We obtain the exact sequence
As M ∈ Φ D , we get thatR ⊗ R M ∈ ΦR D and so, by [9, Theorem 2.1],R ⊗ R C is a Gorenstein projectiveR-module. Hence, by [12, Proposition 3.4] ,R ⊗ R C is a Gorenstein flatR-module. Also, Lemma 2.1, implies that C ∈ Φ D . In view of Theorem 2.4, it is enough to show that Tor R i (C, E) = 0 for all injective R-module E and for all i > 0. Let E be an injective R-module and let
Lemma 2.6. Let (R, m) be a local Noetherian ring and let K be an R-module
Proof. We have fd R (K ∨ ) is finite. It is easy to see that fdR(K ∨ ⊗ RR ) is finite.
By the adjoint isomorphism, we have the following isomorphism
as anR-modules. The result follows.
Gorensein projective dimension
In this section, we show that Gorenstein projective dimension of an R-module is finite if and only if its Gorenstein flat dimension is finite. 
Proof. We can assume that Gfd R M is finite. We prove the inequality by induction on Gfd R M. First, let M be a Gorenstein flat module.
Let F be a flat R-module. Consider the minimal pure injective resolution 
Now, we are ready to deduce the main result of this section by using Proposition 2.2 and 3.1, Corollary 2.5 and Theorem 3.3. 
Gorenstein injective dimension
If R is a local Cohen-Macaulay ring, then we use ΨR D to denote the class of all R-modules N satisfying the following conditions, 
Theorem 4.2. (Dimension inequality) Let R be a Noetherian ring of finite Krull dimension. For every R-module M, we have the following inequality.
Proof. Every injective module is Gorenstein injective, and so Gid R M ≤ injdim R M. We can assume that Gid R M is finite. We show that Ed R M ≤ Gid R M by induction on Gid R M = n. First assume that n = 0. It is enough to show that for every R-module L with pd R L = l and i > 0, Ext i R (L, M) = 0. Since M is Gorenstein injective, we have an exact sequence
This means that Ed R M ≤ 0, and so that the result holds. Now, let n > 0. Using the Gorenstein injective version of [12, Proposition 2.18], there exists exact sequence 0 −→ M −→ T −→ K −→ 0 such that T is injective R-module and Gid R K = n − 1. By induction, we have Ed R K ≤ Gid R K = n − 1, and so Ext j R (L, K) = 0 for all L ∈ F (R) and all j > n − 1. For each i > n and each L ∈ F (R), we have the following short exact sequence
By Theorem 4.2, every Gorenstein injective R-module over a Noetherian ring of finite Krull dimension is strongly cotorsion (see [15, Definition 5.4 .1]). The following example shows that there exists an R-module with finite Gorenstein injective dimension over a regular local ring which is not cotorsion. 
Proposition 4.4. Let R be a local Noetherian ring and M an R-module. (i) If M is Gorenstein injective R-module, then Hom R (R, M) is Gorenstein injectivê R-module. (ii) If R is Cohen-Macaulay ring and M a Gorenstein injective
be an exact sequence of injective R-modules such that Hom R (I, X) is exact for every injective R-modules I with ker
is an exact sequence such that G ′ , G ′′ are Gorenstein injective and E is an injective R-module, then Theorem 4.2 yields the short exact sequence,
Hence we obtain the exact sequence
ofR-modules andR-homomorphisms in which ker(Hom
On the other hand, if E is an injective R-module, we can conclude that Hom R (R, E) is injective as anR-module, because HomR(−, Hom R (R, E)) ∼ = Hom R (− ⊗RR, E).
It is enough to show that HomR(E ′ , Y) is exact, for all injectiveR-modules E ′ .
This follows from the following isomorphisms of complexes
and the fact that every injectiveR-module is also injective as an R-module.
(ii) Let M be a Gorenstein injective. By (i), Hom R (R, M) is Gorenstein injectivê R-module. Hence, by [9, Proposition 1.4], it turns out that Hom R (R, M) ∈ ΨR D , and so M ∈ Ψ D , by the definition. Proposition 4.5. Let R be a Noetherian ring, M a cotorsion R-module and F a flat R-module.
Proof. (i) We do induction on Gid R (M). Let M be a Gorenstein injective R-module. Using the same argument as that have been used in the proof of Proposition 4.4, we can deduce that Hom R (F, M) is Gorenstein injective R-module. Now, suppose inductively that Gid R (M) > 0, and the result has been proved for all R-modules of Gorenstein injective dimension smaller than Gid R (M). Let 0 −→ M −→ E −→ K −→ 0 be an exact sequence such that E is an injective Rmodule. Then, by dual version of [12, Proposition 2.18], Gid R (K) = Gid R (M) − 1. Since M is a cotorsion R-module, we have the following exact sequence
and so the assertion follows from [12, Theorem 2.24] and inductive hypothesis.
(ii) Let F ′ be a flatR-module and let P • −→ F ′ −→ 0 be a projective resolution of F ′ as anR-module. We have
for each i ≥ 0. Also, since Ext i R (N, M) = 0 for all flatR-modules N and for all i > 0, we deduce that [9, Corollary 2.6] ). Hence, by (i) and (ii), we deduce that 
admits a proper left injective resolution).
Proof. It is a dual version of [12, Proposition 2.3] and we leave the proof to the reader. We obtain the following exact sequence
On the other hand, sinceR/R is a flat R-module, the natural R-homomorphism 
such that E ′ is an injective R-module. We obtain the following exact sequence
Hence, we conclude that there exists an R-epimorphism ψ :
is an epimorphism, because it is an I(R)-precover. Now, we claim that f : E −→ M is an I(R)-precover. It follows from hypothesis that Ext 
is epimorphism for all I ′ such that injdim R (I ′ ) < ∞. (ii) ⇒ (iii) Let E be an injective R-module and let Hom R (−, E R (R/m)) denote by (−) ∨ . From the natural monomorphism E −→ (E ∨ ) ∨ , we conclude that E is a direct summand of (E ∨ ) ∨ . So, it is enough to show that Ext
Gorenstein injectiveR-module, by Proposition 4.6,
∨ be a free resolution of (E ∨ ) ∨ , considered as an R-module. Then, for all i > 0, we have
The last isomorphism comes from the fact that every flatR-module is flat R-module and that Ext Let I be an injective R-module. It is easy to deduce from the above exact sequence that Ext i R (I, B) = 0 for all i ≥ 2. Also, we have the following exact sequence
On the other hand, Hom R (I, f ) is epimorphism, So Ext 1 R (I, B) = 0. Thus, we can deduce that Ext 1 R (T, B) = 0, for all R-modules T such that injdim R (T ) < ∞. We prove that B is a cotorsion R-module. Suppose that F is an flat R-module. Since injdim R (D) < ∞, it follows that injdim R (D⊗ R F ) < ∞, and hence Ext 1 R (D⊗ R F, B) = 0. So, we have the following exact sequence
We obtain the exact sequence
Therefore we have the exact sequence
Also, Proposition 4.5 (iii) implies that
So, the natural map 
